dx when4m-n+4=20 A ce+ah=0

Y -J-(dx)'“ (e+ Fx"*+gx>"%+hx")

(a+cx")3/2

X" (e + £x"*+gx®"* + hx")
1:J dx when4m-n+4:=20 A ce+ah=0

(a+cx")3/2

Rule:lf 4m-n+4-==0 A ce+ah == 0,then

X" (e + £x"4 4+ gx3"* + hx") 2ag+4ahx"*-2cfx"?
J > dx — -
(a+cx") acnVa+cx"

Program code:

Int[x_"m_.x (e_+f_.#X_"q_.+g_.*X_"r_.+h_.#x_"n_.)/(a_+c_.*x_"n_.)~(3/2),x_Symbol] :=
- (2%axg+dxaxhsx® (n/4) -2xc+fx" (n/2)) /(axcxnxSqrt[a+cxx n]) /;
FreeQ[{a,c,e,f,g,h,m,n},x] & EqQ[q,n/4] && EqQ[r,3xn/4] && EqQ[4*m-n+4,0] && EqQ[cxe+axh,0]

(dx)m (e+-Fx"/4+gx3"/4+hx“)
Z:J dx when4m-n+4=2=0 A ce+ah=0

(a+cx")3/2

Rule:lf 4m-n+4==0 A ce +ah == 0,then

(dx)m (e+fx"/4+gx3“/4+hx") (dx)™ ~x" (e+fx“/4+gx3"/4+hx")
f dx — J dx

3/2 m 3/2

(a+cx") X (a+cx")

Program code:

Int[ (d_sx_)"m_.*(e_+f_.*X_"q_.+g_.*X_"r_.+h_.«x_"n_.)/(a_+c_.*x_"n_.)~(3/2) ,x_Symbol] :=
(d#x) Am/x maInt [x mx (@+Fxx” (n/4) +g+X" ((3n) /4) +hxx n) / (a+cxx n) " (3/2) ,x]| /;
FreeQ[{a,c,d,e,f,g,h,m,n},x]| && EqQ[4*m-n+4,0] & EqQ[q,n/4] && EqQ[r,3xn/4] && EqQ[cxe+axh,0]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

Rules for integrands of the form (cx)"Pq[x] (a + bx")P

1: -J-(cx)'“Pq[x] (a+bx)Pdx whenpeF Am+1ez"-

Derivation: Integration by substitution

Basis: If n € z*, then r[x] (a+bx)P == %Subst[x"F”'“'lF[— + X?], x, (a+bx)*"] o, (a+bx)*"

b
Rule:lf pe F Am+1¢eZ,letn = Denominator|[p], then

n ac cX
J(c X)"Pq[x] (a+bx)Pdx — —Subst[fx""*"‘l (-—+
b b b

n)mpq[—5+ );—n] dx, X, (a+bx)1/"]

Program code:

Int[ (c_.*x_)"m_xPq_=* (a_+b_.*x_)"p_,x_Symbol] :=

With[{n=Denominator[p]},

n/bxSubst [Int [x" (nxp+n-1) x (-axc/b+c*x*n/b) "mxReplaceAll [Pq,x--a/b+x”*n/b],x],X, (a+bxx) " (1/n) ]] /3
FreeQ[{a,b,c,m},x] &% PolyQ[Pg,x] && FractionQ[p] && ILtQ[m,-1]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2: | x"Pg[x™'] (a+bx")Pdx whenm# -1 A —-ez*

Derivation: Integration by substitution
Basis: x" [x™1] = ﬁ Subst [F[x], X, X™!] g x™*

Rule:lf m+ -1 A ﬁ e Z*,then

1

jxm Pe[x™] (a+bx")Pdx — Subst [J-Pq [X] (a +b xﬁ) P ax, x, x’"*l]

m+1

Program code:
Int[x_"m_.xPq_= (a_+b_.*x_"n_)"p_.,x_Symbol] :=

1/ (m+1) »Subst [Int[SubstFor [x” (m+1) ,Pq,X] * (a+bsx"Simplify[n/ (m+1)])~p,x]|,x,x (m+1)] /;
FreeQ[{a,b,m,n,p},x] & NeQ[m,-1] & IGtQ[Simplify[n/(m+1)],0] && PolyQ[Pq,x" (m+1)]

3: j(c x)"Pq[x] (a+bx")?dx whenpez*

Derivation: Algebraic expansion

Rule: If p € z*, then

j(c x)"Pq[x] (a+bx")Pdx — jExpandIntegr‘and[(c x)"Pq[x] (a+bx")?, x] ax

Program code:

Int[(c_.*x_)"m_.xPq_x(a_+b_.*x_"n_.)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (cxx) “m*Pqx (a+bxx”n)*p,x],x] /;
FreeQ[{a,b,c,m,n},x] && PolyQ[Pq,x] && (IGtQ[p,0] || EqQ[n,1])



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

4, j(cx)"‘Pq[x"] (a+bx")?dx when %ez

1: | x"Pq [x"] (a+ bx")"dlx when '";1 ez

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n

n

Note:If nez A m;1 € Z,thenm € Z,and (c x)™automatically evaluates to c™ x™.

Rule: If "‘;1 e 7, then

.J-x'" Pa[x"] (a+bx")Pdx — lSubst[.J- i Pq[x] (a+bx)Pdx, x, x"]
n

Program code:
Int[x_"m_.+Pq_x(a_+b_.*x_"n_)"p_.,x_Symbol] :=

1/n+Subst[Int[x~ (Simplify[ (m+1) /n]-1) «SubstFor [x~n,Pq,X]* (a+b*x)*p,x],x,x*n] /;
FreeQ[{a,b,m,n,p},x] & PolyQ[Pq,x"n] & IntegerQ[Simplify[ (m+1)/n]]

2: J(cx)'“Pq[x"] (a+bx")Pdx when ’";—1ez

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

cIntPar‘t[m] (c x) FracPart[m]

Basis: X ..

XM xFracPart[m]

Rule: If '“;1 € Z,then




Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

cIntPar‘t[m] (C X) FracPart[m]

J(c X)"Pq[x"] (a+bx")Pdx —

Jx'" Pa[x"] (a+bx")Pdx

xFracPart[m]

Program code:

Int[ (c_»x_)"m_.*Pq_=*(a_+b_.*x_"n_)"p_.,x_Symbol] :=
c~IntPart[m] x (cxx) ~FracPart[m] /x~FracPart[m] *Int [x"mxPqx (a+bxx"n)*p,x] /;
FreeQ[{a,b,c,m,n,p},x] && PolyQ[Pq,x"n] & IntegerQ[Simplify[ (m+1)/n]]

5: |x"Pq[x] (a+bx")Pdx whenm-n+1==0 A p<-1

Derivation: Integration by parts

H n +1
Basis: x"! (a+ b x")P = 5, (a+b xM) Pt
bn (p+1)

Rule:lf m-n+1=0 A p < -1,then

Pq[x] (a+bx")P*?

Jx’" Palx] (a+bx")?dx — Jaqu[x] (a+bx")p+1 dx

bn (p+1) -bn(p+1)

Program code:

Int[x_"m_.*Pq_x (a_+b_.*x_"n_)"p_,x_Symbol] :=

Pqx (a+bxx”n)~ (p+1) / (b*n* (p+1)) -

1/ (bxnx (p+1) ) *Int [D[Pq,Xx] * (a+bxx”n)* (p+1) ,x] /;
FreeQ[{a,b,m,n},x] &% PolyQ[Pq,x] && EqQ[m-n+1,0] && LtQ[p,-1]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

6: J(d X)"Pq[x] (a+bx")?dx whenP,[x, @] =0

Derivation: Algebraic simplification
Rule: If P4[x, @] == 0,then

1
j(d X)"Pg[x] (a+bx")?Pdx — 3 J(d x)™* PolynomialQuotient [Pq[x], X, x] (a+bx")"dx

Program code:

Int[(d_.*x_)"m_.*Pq_=(a_+b_.*x_"n_.)" p_,x_Symbol] :=
1/d+Int[ (d*x)~ (m+1) xPolynomialQuotient [Pq,x,x]  (a+bxx"n)~p,x]| /;
FreeQ[{a,b,d,m,n,p},x] && PolyQ[Pq,x] & EqQ[Coeff[Pq,x,0],0]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

7. J(cx)qu[x] (a+bx")?dx whennez
1. J(cx)qu[x] (a+bx")?dx whenn ez*
1.J}cx)m%[x](a+bxﬂde\annez*Ap>0

1: | X"Pq[x] (a+bx")’dx whennez*Ap>0 Am+q+1<0

Derivation: Integration by parts

Rule:lf neZ* A p>0 Am+q+1<0,letu= [xp,x1ax then

Jxmpq[xl (a+bx")Pdx — u (a+bx")p—anJXm*" (a+bx")P? dx

xm+1

Program code:

Int[x_~m_.*Pq_= (a_+b_.*x_"n_.)"p_,x_Symbol] :=

Module [ {u=IntHide [x*m+Pq,x] },

ux (a+bxx”n) *p - bxnxpxInt[x” (m+n) % (a+bxx”*n) ~ (p-1) xExpandToSum [u/x" (m+1),x],x]] /5
FreeQ[{a,b},x] && PolyQ[Pq,x] && IGtQ[n,0] &% GtQ[p,0] && LtQ[m+Expon[Pq,x]+1,0]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2: j(cx)’“Pq[x] (a+bx")?dx when%ez"/\ p>0

Derivation: Binomial recurrence 1b applied q times

Rule: If &1 € 2" A p > 0, then

P R s i+l p , . i
J(cx)qu[x] (a+bx")Pdx — (cx)" (a+bx“)p2&+anpj(cx)’" (a+bx“)p'1 [iw] dx

iem+np+i+1l fem+np+i+1l

Program code:

Int[(c_.*x_)"m_.*Pq_x(a_+b_.*x_"n_.)"p_,x_Symbol] :=

Module [ {q=Expon[Pq,x],1i},

(€*X) *m# (a+bxx~n) ~pxSum|[Coeff [Pq,x,i]+x* (i+1) /(m+nsp+i+1),{i,0,q}] +

axnxpxInt[ (cX) *mx (a+bsxx”n) ~ (p-1) xSum[Coeff[Pq,x,i]*x i/ (m+nsp+i+1),{i,0,q}],x]] /;
FreeQ[{a,b,c,m},x] &% PolyQ[Pq,x] && IGtQ[ (n-1)/2,0] && GtQ[p,0]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2. |x"Pg[x] (a+bx")?dx whennez* A p<-1 Amez

1. | x"Pq[x] (a+bx")Pdx whennez*A p<-1 A mez*

x? (e+-Fx+hx4)
1: j—d]x whenbe-3ah==0

(a+bx?)?

Rule:If be - 3ah = 9, then

xz(e+fx+hx4) f-2hx3
J—Mdlx_) -—
(2 + ) 2ba bRt

Program code:

Int[x_~2xP4_/(a_+b_.xx_"4)~(3/2),x_Symbol] :=
With[{e=Coeff[P4,x,0],f=Coeff[P4,x,1],h=Coeff[P4,x,4]},
- (f-2*h*x"3)/(2*b*$qr‘t [a+bxx*4]) /;

EqQ[bxe-3+axh,0]] /;

FreeQ[{a,b},x] & PolyQ[P4,x,4] && EqQ[Coeff[P4,x,2],0] && EqQ[Coeff[P4,x,3],0]

2: [ x"Pq[x] (a+bx")Pdx whennez*Ap<-1 Amez*Am+qzn

Derivation: Algebraic expansion and binomial recurrence 2b applied n -1 times
Note: 59, (i+1) Pa[x, i] x' = 8, (xPq[x]) CONtributed by Martin Welz on 5 June 2015

Rule:lIf ne z* A p<-1AmeZ"Am+q=n, let Quiq-n [X] > PolynomialQuotient [x" P[], a+ b X", X] and

Rn-1[X] - PolynomialRemainder [x" P4 [x], a+ b X", x|, then

J-x'" Pa[x] (a+bx")Pdx —



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

JR"_l[X] (a+bxn)pd]x+ij+q—n[X] (a+bxn)p+:L dx —

XRn-1[Xx] (a+bx")P

1
+ j(an (P+1) Quig-n[X] + 1 (p+1) Ro1[X] + O (XRn1[x])) (a+bx")P*dx
an (p+1) an(p+1)

Program code:

Int[x_"m_.xPq_=*(a_+b_.*x_"n_.)"p_,x_Symbol] :=
With [ {g=m+Expon [Pq,X]},
Module [ {Q=PolynomialQuotient [b~ (Floor[ (q-1) /n]+1) +x"mxPq,a+bxx"n,x],
R=Polynomia1Remainder[bA(Floor[(q-1)/n]+1)*xAm*Pq,a+b*xAn,x]},
-X*R* (a+b*x”n) ~ (p+1) / (a*n* (p+1) *b” (Floor[ (q-1) /n]+1)) +
1/(a*n*(p+1)*bA(Floor[(q—1)/n]+1))*Int[(a+b*xAn)A(p+1)*ExpandToSum[a*n*(p+1)*Q+n*(p+1)*R+D[x*R,x],x],x]] /5
GeQ[a,n]] /;
FreeQ[{a,b},x] && PolyQ[Pg,x] && IGtQ[n,0] && LtQ[p,-1] && IGtQ[m,0]

10



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2: [x"Pq[x] (a+bx")Pdx whennez*A p<-1 Amez"

Derivation: Algebraic expansion and binomial recurrence 2b applied n -1 times

Rule:If n e z* A p<-1Amez, let Qq-n [X] = PolynomialQuotient[x" Pq[x], a +bx", X] and

Rn-1[X] = PolynomialRemainder [x" P4 [x], a+ bx", x], then

jx'“ PaIx] (a+bx")Pdx —

et o0 s [t (a0

+

X Rn_1 [X] (a+bx")p+1 1 .
- X
an(p+1) an(p+1)J [

i=0

Program code:

Int[x_~m_xPq_=*(a_+b_.*x_"n_.)"p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
Module [ {Q=PolynomialQuotient [axb" (Floor[ (q-1) /n]+1) xx*mxPq,a+bsx"n,x],
R=Polynomia1Remainder[a*bA(Floor[(q—1)/n]+1)*xAm*Pq,a+b*xAn,x],i},
-X*R* (a+bxx”~n) A (p+1) / (a”2xn* (p+1) xb~ (Floor[ (g-1) /n]+1)) +
1/(a*n*(p+1)*bA(Floor[(q—1)/n]+1))*Int[x“m*(a+b*xAn)A(p+1)*
ExpandToSum|[nx (p+1) #x~ (-m) «Q+Sum[ (n« (p+1) +i+1) /axCoeff [R,x,i]*x" (i-m),{i,0,n-1}],x],x]]] /;
FreeQ[{a,b},x] && PolyQ[Pq,x] && IGtQ[n,0] &% LtQ[p,-1] && ILtQ[m,0]

an (p+1) x™Qqn[x] + E(n (p+1) +i+1) Ryg[x, i] x*"

(a+bx")"tax

11



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

3: [X"Pg[x"] (a+bx")?dx whennez*Amez A GED[m+1, n] #1

Derivation: Integration by substitution

Basis:If neZ A mez,letg =GCD[m+ 1, n],thenxmr[x] = iSubst[x%'lF[x;_], X, XE] B,xE

Rule:lf nez*Amez,letg=GCD[m+ 1, n],ifg + 1, then

Jx'" Pa[x"] (a+bx")Pdx — 3 Subst [J‘x%'l Pq [xg'] (a + bx;')p dx, X, xg]

Program code:

Int[x_"m_.xPq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=

With[{g=GCD[m+1,n]},

1/g+Subst [Int[x” ((m+1) /g-1) xReplaceAll [Pq,x->x" (1/g) ]1* (a+bxx”*(n/g) ) p,X],X,X gl /;
g#l] /;
FreeQ[{a,b,p},x] && PolyQ[Pq,x"n] && IGtQ[n,0] && IntegerQ[m]
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Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

(€ x)" Pq[x]
4: J—qu when 2 ez* A q<n
a+bx" 2

Derivation: Algebraic expansion
Basis: If % €Z A q < n,thenpyx] = s23xipPg[x, i] = 1721 xi (Pq[x, 1] +Pg[x, 2 +i] x"/2)

(cx)% (r+sx"2)

b for which there are rules.

Note: The resulting integrands are of the form

Rule:If 2 € z* A q < n, then

2
mp ni2=1 (€ X)™% (Pg[x, i] +Pg[x, T +i] x"/2
J\(cx) a[X] ix J/zl (Pq[ . ] +Pq[x, 5 +i] )d]x

a+bx" ie ct (a+bx")

Program code:

Int[(c_.*x_)"m_.*Pq_/ (a_+b_.*x_"n_),x_Symbol] :=

With[{v=Sum[ (cx)~(m+ii)  (Coeff[Pq,x,ii]+Coeff[Pq,x,n/2+ii]*x"(n/2))/(c iix (a+bsx n)),{ii,0,n/2-1}]},
Int[v,x] /;

sumQ[vl] /;

FreeQ[{a,b,c,m},x] && PolyQ[Pq,x] && IGtQ[n/2,0] &% Expon[Pqg,x]<n

13



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

Pq[x]
5: J dx whennez* A Pq[x, 0] #0

xVa+bx"

Derivation: Algebraic expansion

Rule:If n e Z* A Pq[X, @] # 0, then

Pq[X] - Pq[X, 0]

1

P
jﬁdx — Pq[X, o]f
xVa+bx" xVa+bx"

Program code:

Int[Pq_/ (x_x»Sqrt[a_+b_.*x_”"n_]),x_Symbol] :=

Coeff[Pq,x,0] *Int[1/ (x*Sqrt[a+bxx*n]) ,x] +

Int [ExpandToSum[ (Pq-Coeff[Pq,X,0]) /x,x]/Sqrt[a+bsx~n],x] /;
FreeQ[{a,b},x] && PolyQ[Pq,x] & IGtQ[n,0] & NeQ[Coeff[Pq,x,0],0]

X

Va+bx"

dx

14



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

6: J(c x)"Pq[x] (a+bx")?dx when % €Z* A - PolynomialQ[Pq X1, x;]

Derivation: Algebraic expansion
Basis: If n € Z* , then pq(x] == 35:3x3 (%5 /™ Pg[x, j + kn] x¥n
Note: This rule transform integrand into a sum of terms of the form x<o. [x3] (a+bx")".

Rule:If 5 e z* A - PolynomialQ|Pq[x], xﬂ,then

jo k=0

1 m+j 2(a9) 9 K .
J(cx)qu[x] (a+bx")Pdx — Z(cx) [ Pq[x,j+Tn X7 (a+bx")?dx

Program code:

Int[(c_.*x_)"m_.xPq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=

Module[{q=Expon[Pq,x],j,k},

Int[Sum[ (c*x)~(m+j) /c j«Sum[Coeff [Pq,x,j+kxn/2] xx” (kxn/2),{k,0,2%(q-3) /n+1}]* (a+bxx*n)~p, {j,0,n/2-1}],x]] /;
FreeQ[{a,b,c,m,p},x] && PolyQ[Pq,x] && IGtQ[n/2,0] && Not[PolyQ[Pq,x"(n/2)1]]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

(€ x)"Pq[X]
7: J—q dx whennez*
a+bx"

Derivation: Algebraic expansion

Rule: If n € z*, then

m P m P
JM dx — jExpandIntegrand[M,

a+bx" a+bx"

Program code:

Int[(c_.*x_)"m_.xPq_/ (a_+b_.*x_"n_),x_Symbol] :=
Int [ExpandIntegrand[ (c*x) *mxPq/ (a+bxx”n),x],x] /;
FreeQ[{a,b,c,m},x] &% PolyQ[Pg,x] && IntegerQ[n] && Not[IGtQ[m,0]]

x] dx
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Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

8. J-(cx)’“Pq[x] (a+bx")?dx whennez*A q-nz-1

1: J(cx)qu[x] (a+bx")?dx whennez* A q-nz-1 Am<-1 A Pg[x, 0] #0

Derivation: Algebraic expansion and binomial recurrence 3b
Note: This rule increments m and decrements the degree of the polynomial in the resulting integrand if n-1<aq.
Rule:lf neZ* Am< -1 An-1=<q A Pq[X, 0] # 0,then

J(cx)qu[x] (a+bx")Pdx —

1 Pq[X] - Py[X, ©
Pqx, O] J(cx)’" (a+bx")pdlx+ —J.(cx)m+1 PqlX] - Pq[x, 0] (a+bx")pd1x .
c X

Pq[X, 8] (cx)™* (a+bx")P*? 1 J}cxﬂ“(Za(m 1)de]-PﬂX,m
b1y S T Tat® 7

+ -2bPg[x, @] (m+n (p+1) +1) x"*| (a+bx")"dx
ac (m+1) 2ac (m+1)

X

Program code:

Int[(c_.*x_)"m_xPq_x(a_+b_.*x_"n_)~p_,x_Symbol] :=
With[{Pq@=Coeff[Pq,x,0] },
PgO* (c*x)~ (m+1) * (a+b*x”n) ~ (p+1) / (a*Cx (m+1)) +
1/ (2%axc* (m+1) ) *Int[ (c*x)” (m+1) xExpandToSum[2xa* (m+1) * (Pq-Pq0) /x-2xbxPqO* (m+n* (p+1) +1) *x” (n-1) ,x] * (a+b*x”*n) *p,x] /;
NeQ[Pge,0]] /;
FreeQ[{a,b,c,p},x] &% PolyQ[Pq,x] && IGtQ[n,0] &% LtQ[m,-1] && LeQ[n-1,Expon[Pq,x]]
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Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2: j(cx)qu[x] (a+bx")?dx whennez*A q-n2@ Am+q+np+1#0

Reference: G&R 2.110.5, CRC 88a

Derivation: Algebraic expansion and binomial recurrence 3a

Reference: G&R 2.104

Note: This rule reduces the degree of the polynomial in the resulting integrand.
Rule:lf nezZ"Am+gq+np+1+0 A q-n = 0,then

J(cx)qu[x] (a+bx")Pdx —

Pq[x, q]

" f(c x) m+d (a+bx“)'°+J(cx)“1 (Pq[x] - Pqlx, q1 x) (a+bx")?dxdx —

Pq[X, ] (cx)™a™ (a4 bx")P*

+
bcd™ (m+q+np+1)
1

—j(cx)’“ (b (m+q+np+1) (Pq[X] -Pq[x, q] x%) -aPq[x, q] (m+q-n+1) x3™") (a+bx")"dx
b(m+q+np+1)

Program code:

Int[(c_.*x_)"m_.xPq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
Pqq* (c*x) ~ (m+q-n+1) * (a+bxx~n) ~ (p+1) / (b*c” (q-n+1) x (M+g+nxp+1)) +
1/(b*(m+q+n*p+1))*Int[(C*x)Am*ExpandToSum[b*(m+q+n*p+1)*(Pq—qu*qu)—a*qu*(m+q—n+1)*x“(q—n),x]*(a+b*xAn)Ap,x]] /5
NeQ[m+q+n%p+1,0] && q-n=0 && (IntegerQ[2xp] || IntegerQ[p+(q+1)/(2*n)])] /5
FreeQ[{a,b,c,m,p},x] && PolyQ[Pq,x] && IGtQ[n,0]
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Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2. J(cx)'“Pq[x] (a+bx")?dx when nez"
1. J(cx)qu[x] (a+bx")Pdx whennez- A meg@

10 |X"Pg[x] (a+bx")?dx whennez A mez

Derivation: Integration by substitution

Basis: F [X] == —Subst{ﬂ’;—;L, X, ﬂ Oy L
Note: xap,[x*] is @ polynomial in x.
~ Rule:lfnez Ame Z,then
fx"‘ Palx] (a+bx")?dx — —Subst[fxq Pq[x_lx]mf;bx_n)p dx, X, i]

Program code:

Int[x_"m_.xPq_x(a_+b_.*x_"n_)"p_,x_Symbol] :=

With[{q=Expon[Pq,Xx]},

-Subst [Int [ExpandToSum[x~qxReplaceAll [Pq,Xx->x”" (-1) ],X]* (a+bx*x” (-n) ) p/x" (m+q+2) ,x],X,1/x]] /;
FreeQ[{a,b,p},x] && PolyQ[Pq,x] &% ILtQ[n,0] && IntegerQ[m]
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Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2: J-(cx)’"Pq[x] (a+bx")?dx whennez A meF

Derivation: Integration by substitution

Basis: If g > 1,then (ex)"Fpx = - Esubst[ Z2, x, 714, —2-
Note: xsap,[c2 x¢] is @ polynomial in x.
~ Rule:lfnez Ame F, let g = Denominator [m], then
J(c x)"Pq[x] (a+bx")Pdx — —%Subst[jxgqpq[c_1 z:(LSi;f <X’ dx, X, ﬁ]

Program code:
Int[(c_.*x_)"m_.xPq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=
With [ {g=Denominator [m] ,q=Expon [Pq, X] },
-g/c*Subst [Int [ExpandToSum[x” (g*q) xReplaceAll [Pq,Xx—c” (-1) *Xx*(-g) ]1,X] *

(a+b*c” (=n) *x™ (-g*n) ) "p/X™ (g* (M+q+1) +1) ,x],X,1/ (c*x)~(1/8)1] /3
FreeQ[{a,b,c,p},x] && PolyQ[Pq,x] && ILtQ[n,0] && FractionQ[m]

2: J-(cx)’“Pq[x] (a+bx")?dx whennez A m¢Q
Derivation: Piecewise constant extraction and integration by substitution
Basis: Oy ((cx)™ (x1)") =0

Basis: F [X] == —Subst{ﬂi—zlL, X, 1| Ox

X =

Note: xap,[x] is a polynomial in x.

Rule:lf nez A m¢ Q,then
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Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p 21

Pa[x] (a+bx")P

J(cx)’“Pq[x] (a+bx")Pdx — (cx)" (x‘l)mj— dx
)"
9P, [x1] (a+bx")P 1
— —(cx)" (x‘l)”Subst[Ix o[X7] (a+bx7) dx, X, —]
Xm+q+2 X

Program code:

Int[(c_.*x_)~m_xPq_=*(a_+b_.*x_"n_)"p_,x_Symbol] :=

With[ {q=Expon[Pq,Xx]},

- (c*Xx) *m* (X~ (-1) ) “m*Subst [Int [ExpandToSum[x~*q*ReplaceAll [Pq, x-»>Xx" (-1) ] ,X] * (a+b*x” (-n) ) *p/x”* (m+q+2) ,X],X,1/x]] /;
FreeQ[{a,b,c,m,p},x] && PolyQ[Pq,x] && ILtQ[n,@] & Not[RationalQ[m] ]

8. J(cx)"‘Pq[x] (a+bx")?dx when neF

1: Jx”Pq[x] (a+bx")Pdx whenneF

Derivation: Integration by substitution
Basis: If geZ", then x» Pq[X] F[X"] == g Subst[x& ™1 -1p, [xE] F[x8"], x, x'/8] &, x*/8
Rule:If n € F, letg = Denominator [n], then

Jx'“ Pa[x] (a+bx")Pdx — gSubst[J‘xg (m+1) -1 Pq[xE] (a+bxE")Pdx, x, xl/g]

Program code:

Int[x_"m_.xPq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=

With[{g=Denominator[n]},

gxSubst [Int [x" (g% (m+1) -1) xReplaceAll [Pq,x-»>Xx"g] * (a+bxx” (g*n) ) *p,x],X,x*(1/g) ] ] /3
FreeQ[{a,b,m,p},x] && PolyQ[Pqg,x] && FractionQ[n]



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2: J(cx)'“Pq[x] (a+bx")?dx when neF

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

cIntPart[m] (c x) FracPart[m]

Basis: <x- -

xFracPart[m]

Rule: If n e F, then

cIntPart(m] (¢ yyFracPart(m]

J(cx)’"Pq[x] (a+bx")Pdx —

xFracPart[m]

Program code:

Int[(c_*x_)"m_%Pq_=*(a_+b_.*x_“~n_)”~p_,x_Symbol] :=
c~IntPart[m] » (cxx) “FracPart[m] /x~*FracPart[m] *Int [x"mxPq (a+b*x"n)*p,x] /;
FreeQ[{a,b,c,m,p},x] & PolyQ[Pq,x] &% FractionQ[n]

Jx"‘ Pq[x] (a+bx")Pdx

22



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

9. J(cx)qu[x"] (a+bx")?dx when ﬁez

1: meq[x"] (a+bx")pd1x when ﬁez

Derivation: Integration by substitution

ice _n_ 1 - + +
Basis: If 1€ Z,then x"Fx"] = —y Subst[F[xm1], x, x™*] g,x™*

Rule: If X e 7
m+1

Jxm Po[x"] (a+bx")Pdx — 5ubst[Jpq[x$] (a+ bxii)*ax, x, %]

m+1

Program code:

Int[x_"m_.+Pq_= (a_+b_.*x_"n_)"p_,x_Symbol] :=
1/ (m+1) »Subst [Int[ReplaceAll [SubstFor [x"n,Pq,X] ,x->x"Simplify[n/ (m+1)] ]+ (a+b*x Simplify[n/ (m+1)]) p,x],Xx,x*(m+1)] /;
FreeQ[{a,b,m,n,p},x] && PolyQ[Pq,x"n] & IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ[n]]
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Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

2: J(cx)'“Pq[x"] (a+bx")?dx when mnT1€Z

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

cIntPart[m] (c x) FracPart[m]

Basis: <x- -

xFracPart[m]

Rule: If -~ ¢ 7, then
m+1

cIntPart(m] (¢ yyFracPart(m]

j(c x)"Pg[x"] (a+bx")Pdx —

Jx"‘ Pq[x"] (a+bx")P ax

xFracPart[m]

Program code:

Int[(c_*x_)"m_%Pq_=*(a_+b_.*x_“~n_)”~p_,x_Symbol] :=
c~IntPart[m] » (cxx) “FracPart[m] /x~*FracPart[m] *Int [x"mxPq (a+b*x"n)*p,x] /;
FreeQ[{a,b,c,m,n,p},x] &% PolyQ[Pg,x"n] && IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ([n]]

24



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p

10: J(c X)"Pq[x] (a+bx")?dx

Derivation: Algebraic expansion

Rule:

j(cx)qu[x] (a+bx")Pdx — JExpandIntegrand[(c x)"Pq[x] (a+bx")?, x] dx

Program code:

Int[(c_.*x_)"m_.xPq_x(a_+b_.*x_"n_)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (cxx) *m*Pqx (a+bxx”n)*p,x],x] /;
FreeQ[{a,b,c,m,n,p},x] && (PolyQ[Pq,x] || PolyQ[Pq,x"n]) && Not[IGtQ[m,0]]

S: Juqu[v"] (a+bv")Pdx whenv=f+gx A u=hv

Derivation: Integration by substitution and piecewise constant extraction

um

Basis: If u == h v, then oy 7 =

Rule:lf v ==Ff +gx A u-=hv,then

um

Ju’" Pa[v'] (a+bv")Pdx — Subst[Jx’“ Pa[x"] (a+bx")Pdx, x, v]

m

gV

Program code:

Int[u_"m_.xPq_=*(a_+b_.*v_"n_.)"p_,x_Symbol] :=
u"m/(Coe-F-F [V,X,1] *v"m) *Subst [Int [x*mxSubstFor[v,Pq,x] * (a+b*x"n)*p,x],x,v] /;
FreeQ[{a,b,m,n,p},x] & LinearPairQ[u,v,x] && PolyQ[Pq,v”n]

25



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p 26

Rules for integrands of the form (hx)"™ P,[x] (a+bx™)P (c+dx")1

1. j(c X)mpq [x] (a1 + b, Xn)p (az + b, x")pdlx when a, by +a; by ==

1: J(cx)'"Pq[x] (a1 +byx")? (a2 + by x")P dx when a;b; +a1 b, =@ A (p€Z V ;>0 A a,>0)

Derivation: Algebraic simplification
Basis:If a, b1 +ai1 by =0 A (peZ V a1 >0 A ay >0),then (a;+byx")? (a +b; x")P = (a; a, + by b x2")P
Rule:lif ab;+a1b, =0 A (pez VvV a; >0 A a, >0),then

J(cx)“‘Pq[x] (a1 +byx")? (az + by x")P dx — J(cx)“‘Pq[x] (a1 @z + by by x*") P dx

Program code:

Int[(c_.*x_)"m_.*Pq_=(al_+bl_.*xx_"n_.)"p_.*(a2_+b2_.xx_"n_.)"p_.,x_Symbol] :=
Int[ (c*x) "mxPqx* (alxa2+blxb2xx” (2xn) ) p,x] /;
FreeQ[{al,b1,a2,b2,c,m,n,p},x] & PolyQ[Pq,x] &&% EqQ[a2xbl+alxb2,0] &&% (IntegerQ[p] || GtQ[al,0] && GtQ[a2,0])

2: J(c X)"Pq[x] (a1 +byx")? (a2 + by x")? dx when a, by +a, b, == @

Derivation: Piecewise constant extraction

. p p
Basis: If a; by + a1 by == 0, then §, {21:2a X" (82xb X7
(al a2+b1 bz X2n>

Rule: If ds b1 + dj b2 == 0, then



Rules for integrands of the form (c x)~"m Pq(x) (a+b x~n)"p 27

(a1 . bl X") FracPart[p] (a2 . b2 Xn) FracPart[p]

J}cx)”mﬂx](a1+b1xﬂp(a2+b2xﬂpdx — (cX)"Pq[x] (aza+by by x*")P dx

FracPart
(a1 a, + by by xz") racPartip]

Program code:

Int[(c_.*x_)"m_.%xPq_x(al_+bl_.xx_"n_.)"p_.x(a2_+b2_.#*x_"n_.)"p_.,x_Symbol] :=
(al+blxx”~n)~FracPart[p]* (a2+b2xx”~n) *FracPart[p]/ (al*a2+blxb2xx” (2xn) ) *FracPart[p]*
Int[ (c*xx) *mxPqx (alxa2+blxb2xx” (2xn) ) *p,x] /;
FreeQ[{al,bl,a2,b2,c,m,n,p},x] && PolyQ[Pq,x] & EqQ[a2sbl+alxb2,0] & Not[EqQ[n,1] && LinearQ[Pq,x] ]

2: J(hx)m(e+fx"+gx2") (a+bx")? (c+dx")Pdx whenacf (m+1) =e (bc+ad) (m+n (p+1) +1) Aacg(m+1) =bde (m+2n (p+1) +1) Am#-1

Rule: If
acf (m+1) =e(bc+ad) (m+n(p+1) +1)ANacg(m+1) ==bde (m+2n (p+1) +1) A m+ -1,then

e (hx)™?! (a + bx")p":l (c +dx")p+1

J(hx)"‘ (e+fx"+gx*") (a+bx")? (c+dx")Pdx —
ach (m+1)

Program code:

Int[ (h_.xx_)™M_.x (e_+F_.*X_"N_.+g_.#X_"N2_.)* (a_+b_.*x_"n_.) p_.* (c_+d_.*x_"n_.) p_.,x_Symbol] :=
ex (hxx)~ (m+1) * (a+b*x”n) ~ (p+1) * (c+d*x*n) ~ (p+1) / (axcxhx (m+1)) /;

FreeQ[{a,b,c,d,e,f,g,h,m,n,p},x] && EqQ[n2,2xn] && EqQ[axcxfx (m+1l)-ex (bxc+axd) » (m+nx (p+1) +1) ,0] &&
EqQ[axCxgx (m+1) -bxdxex (m+2xn* (p+1) +1) ,0] &% NeQ[m,-1]

Int[(h_.*x_)"m_.x(e_+g_.*x_"n2_.)*(a_+b_.*x_"*n_.)"p_.*(c_+d_.*x_"n_.)"p_.,x_Symbol] :=
ex (hxx) A (m+1) * (a+bxx”n) A (p+1) * (c+d*x"n) ~ (p+1) / (axcxhx (m+1)) /;

FreeQ[{a,b,c,d,e,g,h,m,n,p},x] & EqQ[n2,2xn] && EqQ[m+nx (p+1) +1,0] & EqQ[axCxgx (m+1) -bxdxex (m+2xn* (p+1) +1) ,0] &&
NeQ[m,-1]



